Abstract. Representing a positive integer in terms of a sum of smaller numbers with certain conditions has been studied since MacMahon [5] pioneered perfect partitions. The complete partitions is in this category and studied by the second author [6] . In this paper, we study complete partitions with more specified completeness, which we call the double-complete partitions.
Introduction
Many mathematicians studied the unique representations of positive integers by some sequences with given properties. For example, Zeckendorf found that every integer can be uniquely represented as a sum of inconsecutive terms of Fibonacci sequences. MacMahon [5] studied perfect partitions of n which are partitions of n such that every integer m with 1 ≤ m ≤ n is uniquely represented in one and only one way. We [3, 4] generalized Zeckendorf theorem and MacMahon's results on perfect partitions. In 1960, Hoggatt [2] considered sequences such that every positive integer can be represented as a sum of some terms of the sequences and Brown [1] studied such sequences and named complete, which are defined as sequences (s 1 , s 2 , · · · ) such that every integer can be represented as
The double-complete partitions of integers
We begin with the definition of partitions of positive integers. We also write partitions in the form (λ 
Note that the double-complete partitions of any positive integer n must have 1, 1, and 2 as its parts to be able to represent integer 2 in two ways. So n ≥ 1 + 1 + 2 = 4 and therefore double-complete partitions are considered for only n ≥ 4. For n ≥ 5, the double-complete partitions of n have to represent the number 3 at least twice. Thus, it must have 1, 1, 1 and 2, or 1, 1, 2 and 3 as parts. If λ = (λ
is a double-complete partition if and only if λ i+1 ≤ i j=1
m j λ j − 1 for i ≥ 2 and λ should have at least three 1's and one 2, or two 1's, one 2 and one 3 as parts.
m j λ j − 1 can be represented only once, which is a contradiction. If it does not have 1, 1, 1 and 2 as parts or 1, 1, 2 and 3, then the number 3 cannot be represented twice.
(⇐) We use induction on l. First, we show that the partition (λ
3 ) with m 1 ≥ 2, m 2 ≥ 1, and λ 3 ≤ m 1 +2m 2 −1 is a double-complete partition of the integer m 1 λ 1 +m 2 λ 2 +m 3 λ 3 . It is obvious that 2 ≤ k ≤ λ 3 −1≤ k 1 ·1+m 2 ·2−2 can be represented at least twice using the parts 1 and 2. We can represent integers less than or equal to m 1 · 1 + m 2 · 2 by using the parts 1 and 2. Also, 1 · λ 3 and 1 · 1 + 1 · λ 3 are representations of λ 3 and λ 3 + 1, respectively. Therefore λ 3 and λ 3 + 1 have two representations. If
there exist q and r such that k = r + q · λ 3 with 1 ≤ q and 0 ≤ r < λ 3 . If 2 ≤ r < λ 3 then r can be represented at least twice, so k does. If r is 0
Since we have two representations of λ 3 and λ 3 + 1, so k does. Thus (λ
2 is represented at least twice by using the parts
can be represented at least twice by using the parts λ 1 , . . . , λ i . So k is represented at least twice.
Using the previous theorem, one can find an upper bound of each part.
Proof. We know that λ 1 = λ 2 = 1 and λ 3 ≤ 2. By Theorem 2.4,
We now investigate the length and the largest part of double-complete partitions. We use x and x respectively for the least integer greater than equal to x and the greatest integer less than or equal to x . Proof. Let λ =(λ 1 λ 2 · · · λ l ) be a double-complete partition of n.
Then by Theorem 2.4, λ l is less than or equal to
Thus, 2λ l ≤ n − 1 and we obtain the result.
Now we count double-complete partitions by the largest part greater than 4. We consider double-complete partitions λ = (λ 1 λ 2 · · · λ l ) of a positive integer n with k as its largest part. Then there are two cases : one for partitions with one k and the other for the rest of them. If
In this case, there do not exist double-complete partitions of n. If 2k + 1 ≤ n ≤ 3k and if a double-complete partition λ has at least two k's as parts, then
It cannot be a double-complete partition by Theorem 2.4. So double-complete partitions should have only one k and it corresponds to the partition (λ 1 λ 2 · · · λ l − 1) of n − 1 with the largest part k − 1. If n ≥ 3k + 1, then double-complete partition λ may have many k's and it corresponds to the partition (λ 1 λ 2 · · · λ l−1 ) of n − k with the largest part k. We summarize this. 
Now we find the generating function of the numbers D k (n).
Proof. One can easily find the generating function d 2 (q) for the double-complete partitions since any partition having only 1's and 2's as parts is a double-complete partition for n ≥ 5, and the only doublecomplete partition of the number 4 is (1 1 2) . Similarly, we can find 
Thus we have
By continuing iteration,
.
